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Using Killing-Yano symmetries, we construct conserved charges of spacetimes that
asymptotically approach to the flat or Anti-de Sitter spaces only in certain directions.
In D dimensions, this allows one to define gravitational charges (such as mass and
angular momenta densities) of p-dimensional branes/solitons or any other extended
objects that curve the transverse space into an asymptotically flat or AdS one. Our
construction answers the question of what kind of charges the antisymmetric Killing-
Yano tensors lead to.
PACS numbers: 04.20.Cv, 04.50.+h
I. INTRODUCTION
The use of background symmetries (such as “Killing vector symmetries”) for defining
conserved charges in gravitational theories - those arising from the extremization of an
action or those endowed with “Bianchi identities” - has borne much fruit. Two immediate
consequences of such definitions are: the background gauge invariance of the charges and
the vanishing of the background charge. One then computes the charges of those spacetimes
that asymptotically approach the background. It is important to note that these charges
are expressible as surface integrals at the spatial boundary of spacetime. What is implicit
in this construction is that the asymptotic structure of the spacetime is either flat or AdS,
be it locally or not, and the integrations are carried out on (D − 2)-dimensional “spheres”
or tori (or the products of these) (see e.g. [1–3]).
These definitions allow for the calculation of the charges of spacetimes (such as black holes,
localized solitons and so on) that approach to flat or AdS geometries in “all dimensions”.
However, a naive application of these charge definitions to spacetimes that approach to flat
or AdS spaces only in certain transverse directions immediately leads to trivial divergences.
For example, the “mass” of an extended solution, such as a p-brane, which is infinite in
specific directions and curves the transverse space into flat or AdS geometry, would be
divergent. Thus, the question whether one can construct a reasonable charge definition
which only considers the transverse part of such spacetimes is of relevance.
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2An important step in this direction, for transverse asymptotically flat case, was taken by
Kastor and Traschen [4] who used background antisymmetric Killing-Yano tensors, instead
of background Killing vectors. Quite interestingly, unlike the usual Killing charges (such as
energy and angular momentum) which are built out of the linearization of the Einstein’s
equations, Killing-Yano charges are constructed from a new antisymmetric current which
makes no reference to Einstein’s equations [4]. Kastor and Traschen termed these “new”
conserved quantities as Y-ADM charges. For rank n Killing-Yano tensors, they worked out
the case when the transverse part of the spacetime is asymptotically flat. In a follow-up
paper [5], they discussed the conditions necessary for the positivity of Y-ADM “mass”.
One very important result of their work is that even though they have constructed these
Y-ADM charges from new antisymmetric currents and Killing-Yano tensors, making no
reference to Einstein’s equations, they obtained the usual ADM expression, except that the
integrations are now to be carried out only in transverse directions instead of the usual
(D − 2)-dimensional spheres or tori. Thus, for example, as far as the “mass-like” Y-ADM
charge is concerned, what they ended up with is just the mass density of, say, a p-brane that
either extends to infinity in p spatial directions or is periodic in certain directions.
We note that Killing-Yano tensors, unlike the Killing vectors, are not related to the
isometries of the metric; thus they do not lead to the already known symmetries and con-
served quantities. However, in different contexts they have been shown to yield various
nontrivial constants of motion which are related to the separability of the Hamilton-Jacobi
and wave equations. The most important application of this is the Kerr-Newman metric in
four dimensions [6]. [See Gibbons et al. [7] for more details and the connection between
Killing-Yano tensors and a nontrivial supersymmetry which is related to the square root of
a constant of motion (not the usual Hamiltonian) derived from a Killing-Yano tensor.] Here
we shall give another use of these tensors. The main point is that, if a spacetime admits
such objects, one can construct new conserved currents [4] whose physical meaning we try
to interpret here.
One important question which was mentioned by Kastor and Traschen is finding the sur-
face integral expressions of the Killing-Yano charges for transverse asymptotic AdS space-
times. Our main task in this paper will be to carry out in full detail the construction of
these conserved quantities for such spacetimes admitting rank n Killing-Yano tensors. We
shall call these Y-AD (Yano-Abbott-Deser) charge densities. In the next section, which is
the bulk of our paper, we give the construction of these and present an example of the long
axisymmetric Weyl rod.
II. KILLING-YANO CHARGES OF TRANSVERSE ASYMPTOTICALLY AdS
SPACETIMES
Similar to the construction of the background Killing charges for asymptotically AdS
spacetimes [2, 3], here we will be interested in transverse asymptotically AdS spacetimes
that asymptotically admit completely antisymmetric tensor fields which play an analogous
role to the usual background Killing symmetries. For clarity of the discussion, we will first
concentrate on the rank 2 case in what follows. Later, we will generalize these results to the
case of arbitrary rank n Killing-Yano tensors.
Let us consider a D-dimensional spacetime g¯ab, which we call ‘the background spacetime’.
A completely antisymmetric rank n tensor f¯a1a2...an is a Killing-Yano tensor of this spacetime
3if it satisfies
∇¯a f¯ba2...an + ∇¯b f¯aa2...an = 0 . (1)
Note that when rank equals 1, this reduces to the usual Killing vector definition. The
spacetimes gab whose Killing-Yano charges we will compute do not necessarily admit exact
Killing-Yano tensors. However, we demand that the metric gab can be asymptotically split
into a background plus a perturbation:
gab ≡ g¯ab + hab . (2)
We require that for certain transverse directions (whose number is less than or equal to (D−
2)), gab asymptotically admits Killing-Yano tensors due to this splitting and the assumption
that hab vanishes sufficiently fast at the spatial infinity. Let us take the background spacetime
g¯ab to be AdS, which obeys
R¯abcd =
2Λ
(D − 1)(D − 2)
(g¯ac g¯bd − g¯ad g¯bc) , R¯ab =
2Λ
(D − 2)
g¯ab , R¯ =
2ΛD
(D − 2)
.
In D = 4, the AdS spacetime admits 10 Killing-Yano tensors of rank 2 [8, 9]. For the
number of Killing-Yano tensors of rank n in D dimensions, see (2.4) of [4].
For the rank 2 case, one can easily prove the following identities, which we freely make
use of in the calculation of (10) below:
∇¯a f¯
ab = 0 , ∇¯a f¯bc = ∇¯b f¯ca = ∇¯c f¯ab , (3)
∇¯d ∇¯a f¯bc =
2Λ
(D − 1)(D − 2)
(g¯da f¯cb + g¯db f¯ac + g¯dc f¯ba) , (4)
¯ f¯ab =
2Λ
(D − 1)
f¯ba , ∇¯
a ∇¯b f¯ac =
2Λ
(D − 1)
f¯bc . (5)
Using the Riemann, the Ricci tensors, the Ricci scalar and the Killing-Yano tensor of
rank 2, a covariantly conserved antisymmetric current was introduced in [4]. The ‘linearized’
version of this antisymmetric current [14]
(jab)L = f¯
cd (Rcd
ab)L − 2f¯
ac (Rc
b)L + 2f¯
bc (Rc
a)L + f¯
abRL . (6)
given by [4], is background covariantly conserved. [We emphasize that, if the spacetime
admits a full Killing-Yano tensor itself, then the full jab is covariantly conserved. However,
for the discussion that follows here, we assume that only the background spacetime has
asymptotic Killing-Yano tensors.] Then the ‘linearization’ process can be carried out in the
usual way, by keeping terms linear in the perturbation metric hab. Since this current is
antisymmetric, this covariant conservation leads to an ordinary conservation law via
∇¯c(
√
|g¯| (jbc)L) = ∂c(
√
|g¯| (jbc)L) . (7)
Out of this linearized current, a conserved charge was constructed in [4] for asymptotically
transverse flat backgrounds, i.e. they took g¯ab = ηab. Here we will carry out the analogous
calculation for asymptotically transverse AdS backgrounds.
The crucial step in this computation is to express (jab)L as the divergence of a completely
antisymmetric rank 3 tensor, i.e. (jab)L = ∇¯d ℓ¯
abd . Then, up to a trivial normalization, the
conserved ‘charge’ can be obtained as
Qab ∼
∫
Σ
dSi
√
|g¯| ℓ¯abi , (8)
4where i ranges over the (D−3)-dimensional spacelike hypersurface Σ at spatial infinity. [One
could as well perform similar steps for asymptotically transverse de Sitter backgrounds,
except that one now has to stay inside the cosmological horizon and assume that the p-
brane/soliton, if it at all exists for such backgrounds, does not change the location of the
horizon.]
In order to find the “potential” ℓ¯abd for the current, we need the following expressions for
the linearized Riemann, Ricci tensors and the Ricci scalar:
(Rcd
ab)L =
1
2
(∇¯a ∇¯d h
b
c − ∇¯
b ∇¯d h
a
c − ∇¯
a ∇¯c h
b
d + ∇¯
b ∇¯c h
a
d)
+
Λ
(D − 1)(D − 2)
(δa d h
b
c − δ
b
d h
a
c − δ
a
c h
b
d − δ
b
c h
a
d) ,
(Rc
b)L = −
2Λ
(D − 2)
hb c +
1
2
(−¯ hb c − ∇¯c ∇¯
b h+ ∇¯d ∇¯c h
b
d + ∇¯
d ∇¯b hcd) ,
RL = −¯ h+ ∇¯
c ∇¯d hcd −
2Λ
(D − 2)
h .
The substitution of these into (6) yield
(jab)L = f¯
cd ∇¯a ∇¯d h
b
c − f¯
cd ∇¯b ∇¯d h
a
c +
2Λ
(D − 1)(D − 2)
(f¯ ca hb c − f¯
cb ha c)
+
4Λ
(D − 2)
f¯ac hb c + f¯
ac ¯ hb c + f¯
ac ∇¯c ∇¯
bh− f¯ac ∇¯d ∇¯c h
b
d − f¯
ac ∇¯d ∇¯b hcd
−
4Λ
(D − 2)
f¯ bc ha c − f¯
bc ¯ ha c − f¯
bc ∇¯c ∇¯
ah+ f¯ bc ∇¯d ∇¯c h
a
d + f¯
bc ∇¯d ∇¯a hcd
−f¯ab ¯ h + f¯ab ∇¯c ∇¯d h
cd −
2Λ
(D − 2)
h f¯ab . (9)
After somewhat lengthy but straightforward calculations, we finally obtain
(jab)L = 3! ∇¯d
(
f¯ c[a ∇¯b hd] c +
1
2
f¯ [ba ∇¯d] h+
1
2
hc
[b ∇¯d f¯ |c|a] −
1
2
f¯ [ba ∇¯|c| h
d]c +
1
6
h ∇¯[b f¯ da]
)
,
(10)
where we have used the standard bracket notation to indicate the totally antisymmetric parts
of tensors. We give a rederivation of this result in Appendix A using the spin-connection
and the vielbein formulation of gravity.
This current leads to the following conserved ‘charges’
Qab =
3!
4ΩD−3GD
∫
Σ
dSi
√
|g¯|
(
f¯ c[a ∇¯b hi] c +
1
2
f¯ [ba ∇¯i] h+
1
2
hc
[b ∇¯i f¯ |c|a]
−
1
2
f¯ [ba ∇¯|c| h
i]c +
1
6
h ∇¯[b f¯ ia]
)
, (11)
as an integral over the (D−3)-dimensional spatial hypersurface. Our choice of normalization
will be clear from the discussion below.
This is our main result for conserved rank 2 ‘Killing-Yano charges’ for asymptotically
transverse AdS spacetimes. Of course, the formula (11) covers the flat space (Λ = 0) limit
given by [4], except that our notation is different. Up to now, we have not made a specific
5choice of coordinates, apart from the assumption that the perturbation part of the metric
behaves in such a way that the ‘charge’ integration does not diverge. Thus, as can also be
checked explicitly, (11) is invariant under background diffeomorphisms δζhab = ∇¯a ζb+∇¯bζa.
We shall generalize the formula (11) to the case of rank n Killing-Yano tensors in what
follows. However, before we move on to that, let us step back and think about the meaning
of the current (6) and the ‘charge’ (11) it led to. If anything, it is hard to grasp the
geometric or the physical meaning of this current. Nevertheless, it is certain that being a
conserved current, it leads to a conserved ‘charge’, whose physical meaning is, unfortunately,
again unclear. It was shown in [4, 5] that for asymptotically transverse flat spacetimes,
explicit computation using “translational Killing-Yano tensors” indicates that one gets the
ADM mass density. However, this is quite puzzling since we know that one gets the ADM
mass from Einstein’s equation using a timelike Killing vector and the symmetric energy
momentum tensor Tab, which is covariantly conserved. Moreover, it is more important to
note that the meaning of Tab and its relation to geometry is quite clear. Keeping this
discussion in mind and taking the risk of being pedantic, we then ask the following question:
Why does one get mass (and angular momenta) from the ‘good old’ symmetric Tab but,
mass (and angular momenta) ‘densities’ from completely new antisymmetric currents like
jab? This question, which was not addressed in [4, 5], clearly deserves some attention, whose
answer we don’t know.
Let us first consider the rather “unique” rank 1 case and go back to the Killing vectors;
then the construction above should give the flat space ADM [1] or curved space AD [2, 3]
charges. Now, instead of f¯ ba, suppose that we have a Killing vector ξ¯a. In this case, (6) (or
more explicitly (19) below) very naively gives a background conserved current
(j¯a)L = −2 ξ¯
b (Ga b)L , (12)
which is nothing but (up to a constant and the choice of the sign which is a matter of
conventions) ξ¯b (T a b)L. The resulting charge, whose details were given in [3] (similar to the
form of (11)), reads
Qa(ξ¯) =
1
4ΩD−2GD
∫
∂Σ
dSi
√
|g¯| qai , (13)
with
qai = ξ¯b∇¯
ahib − ξ¯b∇¯
ihab + ξ¯a∇¯ih− ξ¯i∇¯ah+ hab∇¯iξ¯b
−hib∇¯aξ¯b + ξ¯
i∇¯bh
ab − ξ¯a∇¯bh
ib + h∇¯aξ¯i ,
= 2! (ξ¯b ∇¯
[a hi]b + ξ¯[a ∇¯i] h + hb[a ∇¯i] ξ¯b − ξ¯
[a ∇¯|b| h
i]b +
1
2
h ∇¯[a ξ¯i]) , (14)
where the integration is over a solid angle of a (D−2)-dimensional sphere SD−2. Comparing
(14) with (11), we see how the generic rank n case will read; the underlying procedure is
nothing but a proper antisymmetrization of (14).
The main question now is whether we could have gotten (11) without referring to the
antisymmetric current (6) whose connection to the physical mass and angular momenta is
unclear. Of course, the more relevant conserved current to use is the energy momentum
tensor. Let us show now that one cannot actually do that. In fact, consider a generic
gravity theory coupled to a covariantly conserved matter source τab,
Φab(g, R,∇R,R
2, . . . ) = τab , (15)
6where Φab is the “Einstein tensor” of a local, invariant generic gravity action, with
Φab(g¯, R¯, ∇¯R¯, R¯
2, . . . ) = 0 by assumption. The Bianchi identities of the full theory (just as
the background gauge invariance) are now carried on to the background such that ∇¯aΦ
ab = 0.
Consider now the following:
∇¯c(f¯
abΦb
c) = ∇¯c(f¯
ab τb
c) = 0 ,
which follows from the background Bianchi identity, (3) and the antisymmetry of the Killing-
Yano tensor. Note, however, that
∇¯c(f¯
abΦb
c) = ∂c(f¯
abΦb
c) + Γ¯a cd f¯
dbΦb
c + Γ¯c cd f¯
abΦb
d .
Using Γ¯c cd = ∂d (ln
√
|g¯|), this can be written as
∇¯c(
√
|g¯| f¯ab Φb
c) = ∂c(
√
|g¯| f¯abΦb
c) +
√
|g¯| Γ¯a cd f¯
dbΦb
c . (16)
The last term on the right hand side of (16) does not necessarily vanish and this is the
reason why an analogous construction as the one given in [2, 3] with Killing vectors cannot
automatically be carried on to the case of Killing-Yano tensors, since the tensor density
current
√
|g¯| f¯abΦb
c is not ordinarily conserved in general. However, if we consider the
antisymmetric combination f¯abΦb
c − f¯ cbΦb
a [15], then we have
∇¯c
(√
|g¯|(f¯abΦb
c − f¯ cbΦb
a)
)
= ∂c
(√
|g¯|(f¯abΦb
c − f¯ cbΦb
a)
)
6= 0 ,
due to the fact that ∇¯a(f¯
abΦb
c) 6= 0. Thus, one is forced to use the new antisymmetric
current (6).
For the rank n case, these charges are computed as follows: one starts with (14) and first
replaces the background Killing vector ξ¯a with the background Killing-Yano tensor f¯a1...an .
Next thing to do is to fully antisymmetrize the expression thus obtained with respect to
the uncontracted indices inside the covariant derivative in such a way that one gets a fully
antisymmetric potential ℓ¯a1...an+1 . For the rank 2 case, one can easily get (11) through this
method. For the rank n case, we get
(
n
2
ja1...an)L = (n+ 1)! ∇¯d
(
f¯ c[a1...an−1 ∇¯b hd] c +
1
n!
f¯ [ba1...an−1 ∇¯d] h+
1
n!
hc
[b ∇¯d f¯ |c|a1...an−1]
−
1
n!
f¯ [ba1...an−1 ∇¯|c| h
d]c +
1
(n+ 1)!
h ∇¯[b f¯ da1...an−1]
)
, (17)
which yields the following conserved ‘charges’ when integrated over a (D−1−n)-dimensional
hypersurface at spatial infinity [16]
Qa1...an(f¯) =
(n+ 1)!
2nΩD−1−nGD
∫
Σ
dSi
√
|g¯|
(
f¯ c[a1...an−1 ∇¯b hd] c +
1
n!
f¯ [ba1...an−1 ∇¯d] h
+
1
n!
hc
[b ∇¯d f¯ |c|a1...an−1] −
1
n!
f¯ [ba1...an−1 ∇¯|c| h
d]c +
1
(n+ 1)!
h ∇¯[b f¯ da1...an−1]
)
.(18)
Once again this formula works both for asymptotically transverse AdS and asymptotically
transverse flat spacetimes in generic coordinates. We could also have gotten this expression
using the following conserved current given by [4]
ja1...an = (n− 1)R[a1a2 bc f
a3...an]bc + 4(−1)nRc
[a1 fa2...an]c +
2
n
R fa1...an . (19)
7Obtaining (18) from (19) by following steps similar to the ones that took us from (6) to (10)
(and thus to (11)) is again straightforward but considerably longer.
An explicit example: The long Weyl rod
As has already been mentioned before, our construction works for asymptotically trans-
verse flat or AdS spaces. For the latter, we are not aware of any solution with a uniform
mass density. However, for the flat case, we can consider the infinitely extended Weyl rod
[10]. Since this solution is not widely known, let us first write down the metric for a rod
centered at the origin with length L and total mass m:
ds2 = −e2φ dt2 + e−2φ [e2ν (dr2 + dz2) + r2 dϕ2] , (20)
where
e2φ =
(R1 +R2 − L
R1 +R2 + L
)2m/L
, e2ν =
((R1 +R2)2 − L2
4 R1 R2
)4m2/L2
, (21)
R1 =
√
r2 +
(
z −
L
2
)2
, R2 =
√
r2 +
(
z +
L
2
)2
. (22)
The correct background to work with is the flat Minkowski spacetime written in cylindrical
coordinates which is simply obtained by setting m = 0. A calculation using (13) with the
background Killing vector ξ¯µ = −δµ 0 indeed yields the mass to be m. [Note that when
L→ −L, m→ −m and the Schwarzschild solution can be obtained by setting m = L.] As
L→∞, the total mass obviously diverges. As for the Killing-Yano charges, one starts with
a background Killing-Yano tensor whose only nontrivial component reads f¯ tz = −1, and
uses (11). The result is Qtz = m/L, which is simply the constant mass density.
III. CONCLUSIONS AND DISCUSSIONS
Using the antisymmetric background Killing-Yano tensors of rank n, we have constructed
conserved gravitational charges of D-dimensional spacetimes that asymptotically approach
to Anti-de Sitter or flat spaces only in some transverse directions of an extended gravita-
tional solution. This work generalizes that of Kastor-Traschen [4] which dealt only with
asymptotically transverse flat spacetimes. Our construction is based on the linearization of
a completely antisymmetric current (19) given by [4], whose physical meaning is somewhat
unclear. This current makes no reference to a specific gravity model.
The conserved charge densities are background diffeomorphism invariant. It is somewhat
surprising that one can get anything meaningful out of Killing-Yano tensors with regard to
the conserved quantities of “extended” gravitational solutions, such as p-branes. To begin
with, a naive application of the ADM or AD charges gives divergent results for the total
mass and the total angular momenta. However, the mass density and the angular momentum
density turn out to be finite which can be expected. What is quite interesting is that these
“densities” are expressed as integrals over a (D− p− 2)-dimensional hypersurface at spatial
infinity, in close analogy with the ADM or AD case. In fact, the main difference is that,
for Killing-Yano charges parallel directions to the “brane” are left alone in the integration
process.
As already mentioned, these conserved gravitational charges, constructed out of the
Killing-Yano tensors, turn out to be “charge (mass) densities”. One might simply ask why
8one would bother with these conserved quantities at the first place when one can simply
go back to the ADM or the AD formulas and define charge densities out of these. This is,
of course, a legitimate question which has two possible answers: Firstly, a naive mass den-
sity definition obtained from the ADM or the AD expression would not be diffeomorphism
invariant, the use of Killing-Yano tensors renders the result coordinate invariant. This is
important. Secondly, it is better to read our result from a different perspective. We have
established the following: If a spacetime asymptotically admits antisymmetric Killing-Yano
tensors, the conserved quantities they generate are the mass and the angular momentum
densities.
As for an explicit example, we have given the mass density of the axisymmetric Weyl rod
in D = 3 + 1 dimensions. It would, of course, be better to give more examples, especially
consider those solutions which are transverse asymptotically AdS and those that also involve
rotation, but unfortunately we are not aware of such solutions.
Finally, we have especially refrained from a discussion on the positivity of these “mass-
densities” (for the asymptotically transverse flat spacetimes case, such a discussion was given
in [5]). In asymptotically AdS spacetimes, there are negative mass objects (see e.g. [12] and
the references therein). Thus, in general, we do not expect ‘a positive mass theorem’ to hold
in these spacetimes. It is true that, following e.g. Gibbons et al. [11], one can presumably
show the positivity of mass density in certain 4-dimensional spacetimes by rewriting the
mass density in terms of the square of certain Witten-Nester spinors. However, for many
interesting solutions, such as the AdS soliton, one does not have regular spinors [13] satisfying
the requirements of positivity.
APPENDIX A: DERIVATION OF THE KILLING-YANO CHARGES IN THE
SPIN-CONNECTION FORMALISM
In this appendix, we will redrive (10) using the first order form of gravity. This is not a
redundant task at all, since it maybe relevant to various supergravity models.
Analogous to the definition of a Killing-Yano tensor of rank 2, we define a Killing-Yano
2-form f in terms of orthonormal co-frame 1-forms ea as
f =
1
2
fab e
a ∧ eb . (A1)
The current (19) for the case n = 2 now can be written as
j = fabR
ab + 2ιaf ∧ P
a + fR , (A2)
where Rab is the curvature 2-form defined in the usual way as
Rab = dωab + ωa c ∧ ω
cb (A3)
in terms of the connection 1-forms ωa b; P
a stands for the Ricci 1-forms defined through
P a = ιbR
ba and R is the curvature scalar R = ιaιbR
ba. The current jab can be obtained in
an orthonormal frame as
jab = fcdR
abcd − 2fa c P
cb + 2f b c P
ca + fabR , (A4)
by noting that
P a = P a be
b , Rab =
1
2
Rab cd e
c ∧ ed and j =
1
2
jab e
a ∧ eb , (A5)
9where fba = ιaιbf .
Suppose also that the metric tensor g = ηab e
a ⊗ eb is decomposed such that the ‘full’
orthonormal coframe 1-form ea can be written as the sum of a ‘background’ orthonormal
coframe 1-form e¯a plus a ‘deviation’ piece as
ea ≡ e¯a + ϕa b e¯
b , (A6)
where the 0-forms ϕa b are as usual assumed to vanish sufficiently rapidly at the ‘spatial
infinity’. The background spacetime geometry is assumed to satisfy the cosmological Einstein
field equation
R¯ab ∧ ∗¯(e¯a ∧ e¯b ∧ e¯c) = Λ ∗¯ e¯c , (A7)
where ∗¯ is the background Hodge operator. (A7) are solved by a space of constant curvature
which satisfies
R¯abcd =
2Λ
(D − 1)(D − 2)
(ηac ηbd − ηad ηbc) ,
R¯ab =
1
2
R¯abcd e¯
c ∧ e¯d =
2Λ
(D − 1)(D − 2)
e¯a ∧ e¯b , (A8)
P¯a =
2Λ
D − 2
e¯a , P¯ab =
2Λ
D − 2
ηba , R¯ = ι¯a ι¯b R¯
ba =
2ΛD
D − 2
.
Moreover, the relation ιb e
a = δb
a implies that ιb = ι¯b − ϕbsι¯
s in terms of the inner product
operator ι¯b of the background spacetime that satisfies ι¯b e¯
a = δb
a. Now the Cartan structure
equations [in the case of vanishing torsion T a] dea + ωa b ∧ e
b = 0 yield
ωa b = ω¯
a
b + e¯
c (ι¯bDϕ
a
c − ι¯
aDϕcb) (A9)
to first order (linearized form) in ϕa b, where for any p-form Ω
a
b
DΩa b = dϕ
a
b + ω¯
a
c ∧ Ω
c
b − ω¯
c
b ∧ Ω
a
c (A10)
and ω¯a b satisfies the background Cartan structure equation de¯
a + ω¯a b ∧ e¯
b = 0. Using (A3)
and these preliminaries, the linearized curvature 2-form can be calculated as
Rab = R¯ab − e¯c ∧D(ι¯bDϕa c) + e¯
c ∧D(ι¯aDϕc
b) , (A11)
which yields the following formulas for the Ricci 1-form
P a = P¯ a −D(ι¯aDϕb b) +D(ι¯
bDϕb
a) + ι¯bD(ι¯
aDϕb c)e¯
c − ι¯bD(ι¯
bDϕc
a)e¯c − ϕbsι¯
sR¯ba , (A12)
and the curvature scalar
R = R¯− 2D¯b D¯
bϕa
a + 2D¯a D¯bϕ
ab − 2ϕab P¯
ab , (A13)
where D¯bϕ
ba = ι¯bDϕ
ba and D¯a D¯bϕ
ba = ι¯aD(ι¯bDϕ
ba).
The use of the background Killing-Yano 2-form f = 1
2
f¯abe¯
a ∧ e¯b, and the substitution of
(A11), (A12) and (A13) into (A2) gives the following expression for the linearized current
2-form jL:
jL = f¯abe¯
c ∧D(ι¯aDϕc
b)− f¯abe¯
c ∧D(ι¯bDϕa c)− ϕanf¯
n
bR¯
ab − ϕblf¯a
lR¯ab
−2ι¯af ∧D(ι¯
aDϕb b) + 2ι¯af ∧D(ι¯
bDϕb
a) + 2ι¯af ∧ e¯
cι¯bD(ι¯
aDϕb c)
−2ι¯af ∧ e¯
cι¯bD(ι¯
bDϕc
a)− 2ϕbsι¯af ∧ ι¯
sR¯ba − 2ϕasι¯
sf ∧ P¯ a
+2f ι¯aD (ι¯bDϕ
ab)− 2f ι¯bD (ι¯bDϕa
a)− 2fϕabP¯
ab . (A14)
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This linearized current can be written in terms of the background orthonormal co-frames as
jL =
1
2
(jcs)L e¯c ∧ e¯s:
(jcs)L = f¯ab
(
D¯sD¯aϕcb − D¯cD¯aϕsb + D¯cD¯bϕsa − D¯sD¯bϕca
)
−ϕalf¯
l
bR¯
abcs − ϕblf¯a
lR¯abcs + 2
(
f¯a
cϕblR¯
abls − f¯a
sϕblR¯
ablc
)
+2f¯a
c
(
D¯sD¯bϕb
a − D¯sD¯aϕb b + D¯bD¯
aϕsb − D¯bD¯bϕ
sa
)
−2f¯a
s
(
D¯cD¯bϕb
a − D¯cD¯aϕb b + D¯bD¯
aϕbc − D¯bD¯bϕ
ca
)
−2
(
ϕalf¯
lcP¯ as − ϕalf¯
lsP¯ ac
)
+ 2f¯ cs
(
D¯aD¯bϕ
ba − D¯bD¯bϕa
a − ϕabP¯
ab
)
. (A15)
The next thing to do is to express (A15) in the form (jcs)L = D¯a(l
acs), where lacs is totally
antisymmetric in its c, s and a indices.
Finally, using the following identities
D¯cD¯df¯ba = −
1
2
(
R¯n cdbf¯an + R¯
n
cadf¯bn + R¯
n
cbaf¯dn
)
, (A16)
(D¯cD¯d − D¯dD¯c)ϕba = −R¯
l
bcdϕla − R¯
l
acdϕbl , D¯
bD¯bf¯ca = −
2Λ
D − 1
f¯ca , (A17)
(A15) can be written as
(jcs)L = 2 3! D¯a
(
f¯ b[aD¯cϕs] b +
1
2
f¯ [caD¯s]ϕb b +
1
2
D¯bf¯
[caϕs] b −
1
2
f¯ [caD¯bϕ
s]b +
1
6
ϕb bD¯
[af¯ cs]
)
,
(A18)
which corresponds to (10).
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